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Abstract
Individualized treatment regimes (ITRs) represent decision-making frameworks that tailor treatment assignments to
individual patient characteristics. The value function of an ITR quantifies the expected outcome under a counterfactual
scenario in which such a treatment rule is applied. However, estimating optimal ITRs for survival data remains a significant
challenge when outcomes are right-censored and only a subset of patients has complete outcome information due to time
and cost constraints. To overcome this challenge, we formulate the problem within a semi-supervised learning framework
and adopt an induced missingness perspective to model partially observed survival outcomes. We propose an imputation-
based semi-supervised approach that is robust and adaptable to various imputation models. Specifically, we employ
a flexible single-index kernel smoothing imputation technique to effectively utilize unlabeled data in multidimensional
covariate settings. The proposed estimators for the parameters indexing the optimal ITRs are shown to be consistent
and asymptotically normal. Moreover, semi-supervised estimation enhances efficiency by reducing asymptotic variance
relative to supervised estimation. Numerical experiments on both simulated and real datasets demonstrate the superior
performance of our proposed semi-supervised approach.
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1 Introduction
Precision medicine addresses a fundamental challenge in healthcare: patients respond differently to the same treatment
due to individual differences in genetics, physiology, and medical history. Traditional “one-size-fits-all” approaches fail
to capture this heterogeneity, limiting treatment effectiveness.1–4 A promising solution involves developing individualized
treatment regimes (ITRs), which assign treatments based on individual characteristics to optimize some functional of the
counterfactual outcome distribution in the target population, commonly referred to as the value function. The objective is
to learn a decision rule that maximizes this value function, thereby selecting the best treatment among available options for
each patient. The optimal ITR is the rule that attains the maximal value, defined as the supremum of the value function over
a specified class of decision rules. This methodology relies on causal identification assumptions (see Section 2 for details)
and has transformed healthcare decision-making,5–9 with applications in economics10–13 and computer science.14,15
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Statistical methods for estimating optimal treatment decisions are commonly categorized into two classes: model-
based methods and direct search methods. Model-based approaches for estimating optimal ITRs encompass several
well-established strategies that rely on modeling the outcome or treatment effect. Among them, Q-learning is a widely
used method16–18 that estimates the so-called Q-function, which represents the expected outcome as a function of patient
characteristics and treatment, and then derives the treatment rule that yields the highest expected outcome. Another exam-
ple is A-learning, which focuses on modeling treatment contrasts directly and constructs optimal rules based on estimated
treatment effects.19–21 On the other hand, direct search methods aim to directly maximize the value function to obtain the
optimal ITR. Early work in this direction includes22 and,23 who applied inverse probability weighting (IPW) to estimate
the value function and then leveraged classification techniques to learn the optimal ITR. To address potential model mis-
specification, augmented IPW (AIPW) methods have been developed to achieve double robustness.24–27 More recently,
cross-fitting techniques borrowed from semiparametric statistics28 have been incorporated into ITR learning,11,29 enabling
the use of flexible machine learning methods for estimating nuisance functions without sacrificing the efficiency of the
resulting ITR estimator. A comprehensive review of ITR learning methods can be found in Kosorok and Laber3 and
references therein.

While these methods have demonstrated success in conventional outcome settings, estimating optimal ITRs with sur-
vival data presents substantial challenges. Early works in survival-based ITR estimation include Goldberg and Kosorok30

and Zhao et al.,9 who extended Q-learning and doubly robust methods to accommodate censored survival outcomes. Sub-
sequent developments have further advanced this research frontier, including Jiang et al.31 and Díaz et al.,32 followed by
more recent innovations such as dynamic treatment regime estimation,33 imputation-based Q-learning methods,34 multi-
stage regimes with dependent censoring,35 and transfer learning approaches for censored survival data.36 However, these
existing approaches typically assume complete survival outcome information for all subjects, which is often unrealistic
in practice where large amounts of covariate data may be available but survival outcome ascertainment is limited by cost
and time constraints. While semi-supervised learning has shown promise in various statistical applications, only a limited
number of studies have considered such data structures in optimal ITR estimation,37–39 and these are primarily designed for
non-survival outcomes. The intersection of semi-supervised learning and survival-based ITR estimation remains largely
unexplored, motivating the development of methods that can effectively leverage both labeled and unlabeled data in the
presence of survival data.

To address the challenges outlined above, we propose a novel semi-supervised framework for estimating optimal ITRs
in the presence of censored survival outcomes and partially labeled data. We begin by establishing a supervised baseline
using inverse probability weighting to estimate the value function under censoring. Building on this, we introduce a semi-
supervised estimation strategy that leverages robust imputation to safely incorporate unlabeled data, thereby enhancing
statistical efficiency through variance reduction. To overcome the non-smoothness introduced by the indicator function
in treatment rule estimation, we employ a kernel smoothing approach, which improves both numerical stability and the
convergence rate of the ITR estimator. This smoothing yields substantial computational gains compared to traditional
methods such as genetic algorithms, while also enabling theoretical guarantees. Specifically, we show that the proposed
smoothed estimators are asymptotically normal, and that the convergence rate of the parameters indexing the optimal ITR
can be improved from n−1∕3 to nearly n−2∕5. For valid inference, we adopt a resampling procedure, and demonstrate the
effectiveness of our method through extensive simulation studies across diverse settings.

The remainder of this article is organized as follows. We first develop supervised and semi-supervised estimators for
the optimal ITR with survival data and construct the corresponding kernel-smoothed estimators. We then establish the
theoretical properties of the proposed estimators, demonstrating the superiority of our semi-supervised approach over
the supervised method. The numerical studies section presents Monte Carlo simulation studies and an application to the
METABRIC dataset. We conclude with a discussion of the strengths and limitations of the proposed methodology. Proofs
of asymptotic properties and additional numerical results are provided in the Appendix.

2 Methodology
Let X ∈  ⊆ ℝp be the predictor vector with bounded support  and fixed dimensionality p, and let A be the binary
treatment taking values in  = {0, 1}. Let T ∈ ℝ+ denote the survival time and C ∈ ℝ+ denote the random censoring
time. Denote Y = min(T , C) as the observed survival time or the time to event, which is continuous, and Δ = I(T ⩽ C) as
the censoring indicator.

We then use the potential outcomes framework,40,41 denoting T∗(a) as the survival time had the subject were received
treatment a ∈ . Following van der Laan and Robins,42 the causal estimand E[T∗(a)] is nonparametrically identified
under the following standard assumptions:
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A1. Consistency: If A = a, then T∗(a) = T almost surely;
A2. Positivity: Pr(A = a ∣ X) > 0 almost surely for all a ∈ ;
A3. Strong ignorability :A ⟂ {T∗(1), T∗(0)} ∣ X;
A4. Conditionally independent censoring: C ⟂ {T∗(1), T∗(0)} ∣ X, A.

Our primary objective is to identify and estimate an ITR d(x) :  → , which is a mapping from the covariate space 
to the treatment space , that maximizes the expected outcome in a counterfactual world had this ITR been implemented.
Let  denote the class of candidate ITRs of interest. We define the potential outcome T∗(d) under any d ∈  as

T∗(d) = d(X)T∗(1) + {1 − d(X)}T∗(0),

and the value function43 of d is defined by

M(d) = E[T∗(d)].

The optimal ITR is then defined as

dopt = argmax
d∈

M(d).

We will focus on the class of linear treatment regimes as in the literature,44–47 which offers a simple structure and good
interpretability. This decision class is  = {d𝜷(X) = I(𝜷′X > 0) : 𝜷 ∈ }, where  = {𝜷 : 𝜷 ∈ ℝp, ‖𝜷‖ = 1} and ‖ ⋅ ‖ is
the Euclidean norm. Then we may determine dopt by estimating the optimal coefficient

𝜷0 = argmax
𝜷∈

E[T∗(d𝜷)],

and obtain dopt(X) = I(𝜷′
0X > 0).

2.1 Supervised estimation
In the supervised learning setting, we observe n independent and identically distributed (iid) samples

 = {(Yi,Δi, Xi, Ai) : i = 1, 2,… , n}.

Under the consistency assumption and the definition of Y , when A = d𝜷(X) and Δ = 1, the observed outcome is Y =
T∗(d𝜷(X)). This leads us to define an induced missing data structure26,48 with the missing data indicator R(𝜷) given by

R(𝜷) = [Ad𝜷(X) + (1 − A){1 − d𝜷(X)}]Δ.

In that sense, the potential outcome T∗(d𝜷(X)) we interested can be observed only when R(𝜷) = 1 and ‘missing’ other-
wise. Then the observed data from labeled source could be represented as  = {(Xi, Ri(𝜷)Yi, Ri(𝜷)) : i = 1, 2,… , n}.
Furthermore, we denote the conditional survival function P(C ⩾ t|X, A) as SC(t|X, A). The induced missing data structure
satisfies the missing at random (MAR) assumption.

Let 𝜋R(𝜷) = P(R(𝜷) = 1|X, T∗(0), T∗(1)) be the conditional probability of ‘missing’ and 𝜋A(X) = P(A = 1|X) be the
propensity score for the treatment. Zhou et al.48 showed that when R(𝜷) = 1, we have

𝜋R(𝜷) = [𝜋A(X)d𝜷(X) + (1 − 𝜋A(X)){1 − d𝜷(X)}]SC(Y ∣ X, A).

Based on the inverse probability weighting principle, the value function under a treatment rule d𝜷 is given by

M(𝜷) = E
[

R(𝜷)
𝜋R(𝜷)

Y
]

. (1)

When the propensity score 𝜋A(X) is unknown, it can be estimated consistently using either parametric models, such as
logistic regression,49 or nonparametric approaches, such as generalized random forests.50 To isolate the main ideas from
estimation complexities, we focus on the randomized trial setting where 𝜋A(X) = 0.5. In this case, the weighting function
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simplifies to 𝜋R(𝜷) = (1∕2)SC(Y ∣ X, A), which is independent of 𝜷. The conditional survival function SC(Y ∣ X, A) can be
estimated using the Kaplan–Meier estimator,51,52 denoted by ŜC(Y ∣ X, A). The resulting estimator of the value function is

M̂L(𝜷) = Pn

[
2R(𝜷)

ŜC(Y ∣ X, A)
Y

]

, (2)

where Pnf = (1∕n)
∑n

i=1 f (Xi) denotes the empirical expectation. The corresponding estimator for the optimal parameter
𝜷0 is obtained by

𝜷̂L = argmax
𝜷∈

M̂L(𝜷).

To facilitate computation, we focus on the terms in (2) that depend on 𝜷, omitting constants irrelevant to the
maximization. This leads to the equivalent optimization problem

𝜷̂L = argmax
𝜷∈

V̂L(𝜷),

where the simplified objective function is defined as

V̂L(𝜷) = Pn

[
(2A − 1)ΔY

ŜC(Y ∣ X, A)
d𝜷

]

, (3)

with d𝜷 = I(𝜷⊤X > 0) denoting a binary decision rule in the function class .

2.2 Semi-supervised estimation
In the semi-supervised (SS) setting, we have access to an additional unlabeled dataset

 =
{
(Xi, Ai) : i = n + 1, n + 2,… , n + N, N ≥ 1

}

consisting of N iid observations without outcome information, which is independent of . Following the traditional SS
framework,53 we assume that observations in both  and  are drawn from the same underlying distribution and the n
labeled observations are randomly selected from the combined dataset, which implies that the missingness of Y in the
unlabeled observations is missing completely at random.(MCAR;54,55)

To fully leverage the auxiliary dataset  , the following semi-supervised estimator is proposed. We note the following
equivalent formulations:

argmax
𝜷∈

E
[

R(𝜷)
𝜋R(𝜷)

Y
]

= argmax
𝜷∈

E
[
(2A − 1)ΔY
SC(Y ∣ X, A)

d𝜷

]

= argmax
𝜷∈

E
[
𝜇(𝜷′X)d𝜷

]
+ E

[{
(2A − 1)ΔY
SC(Y ∣ X, A)

− 𝜇(𝜷′X)
}

d𝜷

]

, (4)

where 𝜇(𝜷′X) represents the conditional expectation E[(((2A − 1)ΔY)∕(SC(Y ∣ X, A)))|𝜷′X]. Similar to formula 2.1 in
Chakrabortty et al.,56 the second term in (4) ensures global robustness with respect to any working model posited to
estimate the conditional expectation 𝜇(𝜷′X). Various estimation methods, such as parametric models, smoothing splines,
and kernel smoothing, can be employed for this purpose. In this context, we focus on the kernel smoothing estimator for
𝜇(𝜷′X), which is given by

𝜇̂(𝜷′X) =
∑n

i=1 Kh(𝜷′Xi − 𝜷′X)Ôi
∑n

i=1 Kh(𝜷′Xi − 𝜷′X)
,

where Ôi = ((2Ai − 1)ΔiYi)∕(ŜC(Yi ∣ Xi, Ai)) and Kh(u − v) = (1∕h)K((u − v)∕h) with K being a kernel function and h
being the bandwidth. The semi-supervised estimator for 𝜷0 utilizes both labeled and unlabeled data  ∪ is constructed
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as

𝜷̂SS =argmax
𝜷∈

V̂SS(𝜷)

= argmax
𝜷∈

Pn+N

[
𝜇̂(𝜷′X)d𝜷

]
+ Pn

[{
(2A − 1)ΔY

ŜC(Y ∣ X, A)
− 𝜇̂(𝜷′X)

}

d𝜷

]

. (5)

Remark 1. It is worth noting that this framework does not require the model to be correctly specified or even to exactly
match the conditional expectation 𝜇(𝜷′X). However, to improve the estimation efficiency, we still attempt to estimate the
conditional expectation. Details will be discussed in Section 3.

Remark 2. Constructing the imputation function with the conditional expectation E[((2A − 1)ΔY)∕(SC(Y ∣ X, A)) ∣ X],
that conditions fully on the multivariate X rather than on the single index 𝜷′X, could achieve the semi-parametric
efficiency bound for estimating 𝜷0. However, in the practical implementation, the multidimensional kernel smoothing
suffers from the curse of dimensionality. To address this, we choose to adopt the dimension reduction approach. And
in terms to the efficiency, when 𝜇(𝜷′X) = E[((2A − 1)ΔY)∕(SC(Y ∣ X, A)) ∣ X], such as the conditional expectation
E[((2A − 1)ΔY)∕(SC(Y ∣ X, A)) ∣ X] admits a single-index model, our semi-supervised estimator remains asymptotically
optimal. Otherwise, our method still outperforms traditional supervised methods.

Remark 3. Due to the sharp-edge effect57 caused by the indicator function I(𝜷′X > 0), we consider replacing it with alter-
native smooth functions such as the sigmoid function,58 the hinge loss function22,59 and the kernel smoothing function,47

which provide smoothed approximations to the indicator function. We primarily use kernel smoothing technique in our
implementation, which is discussed in Section 2.3.

Remark 4. The proposed SS estimator is closely related to, yet fundamentally different from, existing doubly robust
(DR) methods for optimal ITR learning with censored data (e.g., Zhao et al.9). Both approaches augment the inverse
probability weighting (IPW) term with a survival outcome regression component. However, their roles and objectives
differ. In classical DR methods, the outcome model is introduced to protect against misspecification of the censoring
model, whereas in our SS framework it serves as an imputation function whose primary purpose is to leverage abundant
unlabeled data to stabilize estimation and reduce variance. Moreover, standard DR estimators rely exclusively on labeled
data, while our method incorporates unlabeled data through the leading term Pn+N[𝜇̂(𝜷′X)d𝜷]. Although the SS approach
does not improve the convergence rate of the linear decision rule parameters, it achieves substantial variance reduction
(Theorem 2), leading to notable efficiency gains in finite samples, as demonstrated in Appendix C. This highlights a key
advantage of our method over classical DR approaches.

2.3 Kernel-smoothed estimation
In this section, the smoothed estimations are proposed. Specifically, the decision indicator function d𝜷 = I(𝜷′X > 0) is
replaced by the smoothed decision function d̃𝜷 = Φ((𝜷′X)∕h̃n) in the value function estimations (3) and (5). Here, Φ(⋅)
denotes the cumulative distribution function of the standard normal distribution N(0, 1), and h̃n is a sequence of bandwidths
satisfying h̃n = o(n−1∕5). Following Silverman,60 h̃n was set as h̃n = 0.9n−0.2 min{std(𝜷′X), IQR(𝜷′X)∕1.34}, where ‘std’
denotes the standard deviation function and ‘IQR’ represents the interquartile range. Consequently, the smoothed versions
of the supervised and semi-supervised estimators for 𝜷0 can be respectively constructed as follows:

𝜷̃L = argmax
𝜷∈

ṼL(𝜷), 𝜷̃SS = argmax
𝜷∈

ṼSS(𝜷),

where

ṼL(𝜷) = Pn

[
(2A − 1)ΔY

ŜC(Y ∣ X, A)
d̃𝜷

]

,

ṼSS(𝜷) = Pn+N

[
𝜇̂(𝜷′X)d̃𝜷

]
+ Pn

[{
(2A − 1)ΔY

ŜC(Y ∣ X, A)
− 𝜇̂(𝜷′X)

}

d̃𝜷

]

.
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Remark 5. In the practical implementation, it is difficult to optimize ṼSS(𝜷) directly since the parameter 𝜷 is also present
in the non-linear kernel estimator. Thus we consider plugging in the initial consistent estimator 𝜷̃ init of 𝜷 obtained from
the labeled data  in the kernel estimator 𝜇̂(𝜷′X), and estimate 𝜷 by iterating

𝜷̃new = argmax
𝜷∈

ṼSS(𝜷, 𝜇̂(𝜷̃′
oldX)),

where

ṼSS(𝜷, 𝜇̂(𝜷̃′
oldX)) = Pn+N

[

𝜇̂(𝜷̃′
oldX)d̃𝜷

]

+ Pn

[{
(2A − 1)ΔY

ŜC(Y ∣ X, A)
− 𝜇̂(𝜷̃′

oldX)

}

d̃𝜷

]

with a little abuse of notation.
A natural choice of the initial value of 𝜷̃old is the smoothed supervised estimator 𝜷̃L. We finally denote the estimator

𝜷̃new at convergence as our smoothed semi-supervised estimator 𝜷̃SS of 𝜷.

For the above non-convex optimization problem, we use the proximal gradient descent algorithm proposed by
Nesterov,61 which was also adopted in Wu and Wang.47 Some notes on the convergence of this algorithms can be found
in Appendix B. Let ∇mf (𝜷) denote the m-th partial derivative operator of f (𝜷) with respect to 𝜷. For notation simplicity,
the subscript m is omitted when m = 1. A sequence of iterates 𝜷 (t)

⋅ (where ‘⋅’ represents the corresponding superscript (or
subscript) ‘L’ or ‘SS’ indicating the type of estimation) is generated by

𝜷 (t)
⋅ = argmin

𝜷∈

{

−Ṽ ⋅(𝜷 (t−1)) −
⟨
∇Ṽ ⋅(𝜷 (t−1)),𝜷 − 𝜷(t−1)⟩ + rt

‖
‖
‖
𝜷 − 𝜷 (t−1)‖

‖
‖

2
}

,

where ⟨⋅, ⋅⟩ represents the inner product and the choice of rt could be found in Fan et al.62 Then the closed form solution
can be written as

𝜷 (t) = 𝜷 (t−1) + ∇Ṽ ⋅(𝜷 (t−1))
2rt

.

The updating program stops when there is no improvement of the value V ⋅(𝜷), that is

Ṽ ⋅(𝜷(t)) < Ṽ ⋅(𝜷 (t−1)) +
⟨
∇Ṽ ⋅(𝜷 (t−1)),𝜷(t) − 𝜷 (t−1)⟩ − rt

‖
‖
‖
𝜷 (t) − 𝜷 (t−1)‖

‖
‖

2
.

The specific forms of the gradient for the supervised and semi-supervised estimations of the value function are given by

∇ṼL(𝜷(t)) = Pn

[
(2A − 1)ΔY

ŜC(Y ∣ X, A)
𝜙

(
𝜷 (t)′X

h̃n

)
X
h̃n

]

,

∇ṼSS(𝜷(t)) = Pn+N

[

𝜇̂(𝜷 (t−1)′X)𝜙
(
𝜷 (t)′X

h̃n

)
X
h̃n

]

+ Pn

[{
(2A − 1)ΔY

ŜC(Y ∣ X, A)
− 𝜇̂(𝜷 (t−1)′X)

}

𝜙

(
𝜷 (t)′X

h̃n

)
X
h̃n

]

respectively, where 𝜙(⋅) denotes the probability density function of standard normal distribution N(0, 1).

3 Statistical inference

3.1 Asymptotic properties
Let V(𝜷) = E[((2A − 1)ΔY)∕(SC(Y ∣ X, A))d𝜷] and 𝜷0 be the maximizer of V(𝜷). To establish the asymptotic properties,
the following regularity conditions are assumed.

C1. For every 𝜀 > 0, sup‖𝜷−𝜷0‖⩾𝜀 V(𝜷) < V(𝜷0).
C2. The density function of 𝜷′X is everywhere positive for 𝜷 ∈  (𝜷0, 𝛿), where  (𝜷0, 𝛿) is a neighborhood of 𝜷0.

And  , the support of X, is not contained in a proper linear subspace of ℝp.
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C3. The censoring variable C has a continuously differentiable density function on [0, L), where L is the end time of the
study. And there exists a constant c1 > 0 such that SC(⋅) ⩾ c1 > 0, where SC(⋅) denotes the survival function of C.

C4. The kernel function K(⋅) : ℝ → ℝ is a symmetric probability density function. K(⋅) is twice continuously
differentiable and Lipschitz and the second derivative satisfies the Lipschitz condition with

∫
K2(u)du < ∞,𝜇2(K) =

∫
u2K2(u)du < ∞.

C5. The bandwidth h in kernel function satisfies h → 0, nh → ∞ and nh4 → 0 as n → ∞.

Conditions C1-C2 are assumed to ensure the consistency of estimators for 𝜷. Condition C1 implies that the value function
V(𝜷) has a unique maximizer at 𝜷0. Condition C2 is assumed to demonstrate the continuity of value function. It holds
true when there exists a component of X, denoted as Xj, with an everywhere positive density conditional on the remaining
covariates, and 𝛽j0 ≠ 0. Condition C3 is a common assumption in survival analysis, where L represents the maximum
follow-up time. If survival time exceeds L, it becomes unobservable, resulting in right-censoring of the observed survival
times. Conditions C4-C5 are typically used for kernel estimation and are standard conditions for obtaining consistency of
the semi-parametric estimator.63

Theorem 1. Under conditions C1-C5, as n → ∞ and N → ∞, we have

(a) 𝜷̃L → 𝜷0 in probability.
(b) 𝜷̃SS → 𝜷0 in probability.

This theorem gives the consistency of the indexing parameter 𝜷 ∈  of ITR d𝜷 . By Condition C1 and Theorem
5.7 in van der Vaart,64 it is sufficient to show the uniform convergence of value function to get the consistency of the
M-estimators. Proof details are given in the Appendix A.2.

Corollary 1. Under conditions C1-C5, as n → ∞ and N → ∞, we have

(a) ṼL(𝜷) → V(𝜷) in probability for any 𝜷 ∈ .
(b) ṼSS(𝜷) → V(𝜷) in probability for any 𝜷 ∈ .

Corollary 2. Under conditions C1-C5, as n → ∞ and N → ∞, we have

(a) 𝜷̂L → 𝜷0 in probability.
(b) 𝜷̂SS → 𝜷0 in probability.

Corollary 3. Under conditions C1-C5, as n → ∞ and N → ∞, we have

(a) V̂L(𝜷) → V(𝜷) in probability for any 𝜷 ∈ .
(b) V̂SS(𝜷) → V(𝜷) in probability for any 𝜷 ∈ .

Corollary 1, Corollary 2 and Corollary 3 illustrate the consistency of smoothed value functions, estimated parameters
and corresponding value functions without smoothing respectively. These corollaries are immediate conclusions from the
proof of Theorem 1.

To simplify the technical proof for asymptotic distributions of estimators, we adopt an equivalent identification con-
dition for parameter that ‘there exists a covariate with a nonzero coefficient whose conditional distribution given the
other covariates is continuous and its coefficient is normalized to have absolute value one’.47 Throughout this section, we
assume that 𝛽1, the coefficient of the first covariate X1, satisfies |𝛽1| = 1 without loss of generality. Let X = (X1, X′

−1)
′ and

𝜷 ⋅ = (𝛽⋅,1,𝜷′
⋅,−1)

′. The following conditions C6-C8 are assumed to derive the asymptotic normality of kernel-smoothed
estimations.

C6. Let G(z, X−1) = E[T∗(1) − T∗(0)|z, X−1] with z = 𝜷′
0X, G(1)(z, X−1) and G(2)(z, X−1) be the first and second partial

derivative of G(z, X−1) respectively with respect to z, and G(0, X−1) = 0 for almost every X−1. For all z in a
neighborhood of 0 and i=1 or 2, G(i)(z, X−1) is a continuous function of z satisfying |G(i)(z, X−1)| < CG with a
positive constant CG for almost every X−1.
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C7. Let f (z|X−1) be the density function of z conditional on X−1. And for all z in a neighborhood of 0, f (1)(z|X−1), the
first partial derivative with respect to z, is a continuous function of z and uniformly bounded by a positive constant
Cf for almost every X−1.

C8. V(𝜷) is twice continuously differentiable on an open neighborhood of 𝜷0 and the Hessian matrix ∇2V(𝜷0) is
negative definite.

Following the consistency derived in Theorem 1 and the identification condition |𝛽1| = 1, we have P(𝛽L,1 = 𝛽0,1) → 1
and P(𝛽SS,1 = 𝛽0,1) → 1 as n, N → ∞. Thus we mainly focus on the asymptotic normality for 𝜷̃L,−1 and 𝜷̃SS,−1.

Theorem 2. Let a1 = ∫ 𝜁𝜙̇(𝜁 )d𝜁 , a2 = ∫ 𝜙2(𝜁 )d𝜁 . Denote the following notations that Q = a1E[X−1X′
−1G(1)(0, X−1)

f (0|X−1)], D = (1∕2)a2E[X−1X′
−1E[T∗(1)2 + T∗(0)2|z = 0, X−1]f (0|X−1)] and D∗ = a2E[𝜇2(0)X−1X′

−1f (0|X−1)]. Under
conditions C1–C8 and h̃n = o(n−1∕5), we have

(a)
√

nh̃n(𝜷̃L,−1 − 𝜷0,−1) → N(0,ΣL) in distribution,

(b)
√

nh̃n(𝜷̃SS,−1 − 𝜷0,−1) → N(0,ΣL − (1 − 𝜌)ΣS) in distribution,

where ΣL = Q−1DQ−1, ΣS = Q−1D∗Q−1, 𝜌 ∈ [0, 1) is a constant such that 𝜌n,N = n∕n + N → 𝜌 as n, N → ∞.

This theorem establishes the asymptotic normality of the estimators for the index parameters with a convergence rate
Op((nh̃n)−1∕2), which can be arbitrarily close to n−2∕5. Theorem 2 shows that the asymptotic variance of semi-supervised
estimator is no greater than that of the supervised estimator for 𝜌 ∈ [0, 1). This improvement becomes more pronounced
as 𝜌 decreases. Specifically, when n is fixed and N increases, 𝜌n,N approaches 0, leading to a corresponding decrease in

the asymptotic variance of 𝜷̃SS. When both n and N go to infinity, 𝜌n,N can also approach 0 (a common assumption in
the semi-supervised framework,54) which violates the “positivity assumption” commonly required in the missing data
literature63 that 𝜌 is bounded away from zero. However, it is precisely this violation that enables the variance reduction in
our framework. We further demonstrate these theoretical findings through numerical simulations in Section 4.1. The proof
of Theorem 2 is given in Appendix A.3.

To further illustrate the advantages of the smoothing technique in terms of convergence rate, we provide the following
theorem.

Theorem 3. Under conditions C1–C5 and C8, we have

(a) |𝜷̂L − 𝜷0| = Op(n−1∕3),
(b) |𝜷̂SS − 𝜷0| = Op(n−1∕3).

Theorem 3 states that the convergence rate of the estimated parameters without smoothing is Op(n−1∕3), which is slower
than Op((nh̃n)−1∕2) under the assumption that h̃n = o(n−1∕5). Detailed proofs are given in the Appendix A.4.

3.2 Resampling-based variance estimation

We utilize a straightforward resampling technique65 by repeatedly perturbing the objective function to estimate the
variance of supervised and semi-supervised estimators. This method has been widely used in the literature for
inference.45,47,48,66 Let {𝜉i : i = 1, 2,… , n + N} be a sequence of iid positive random weights independent of the data
 ∪  , from the distribution with mean one and variance one such as the gamma distribution Ga(1, 1). We consider the
perturbed smoothed estimators that

𝜷̌L = argmax
𝜷∈

V̌L(𝜷), 𝜷̌SS = argmax
𝜷∈

V̌SS(𝜷),
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where with 𝜇̌(𝜷′X) = (
∑n

i=1 Kh(𝜷′Xi − 𝜷′X)Ôi𝜉i)∕(
∑n

i=1 Kh(𝜷′Xi − 𝜷′X)𝜉i),

V̌L(𝜷) = Pn

[

𝜉
(2A − 1)ΔY

ŜC(Y ∣ X, A)
d̃𝜷

]

,

V̌SS(𝜷) = Pn+N

[
𝜉𝜇̌(𝜷′X)d̃𝜷

]
+ Pn

[

𝜉

{
(2A − 1)ΔY

ŜC(Y ∣ X, A)
− 𝜇̌(𝜷′X)

}

d̃𝜷

]

.

It is worth noting that the estimator 𝜇̂(𝜷′X) does not need to be perturbed technically. However, in order to make more
accurate standard error estimates with finite samples, we therefore perturb it by default.67,68

Then we follow the proximal gradient descent algorithm as discussed in Section 2.3 and repeat the procedure for B
times to get a sequence of estimators {𝜷̌b

⋅ : b = 1,… , B}. Similar to the arguments from Wu and Wang47 and Jin et al.,65
√

nh̃n(𝜷̃(⋅) − 𝜷0) has the same asymptotic distribution as that of
√

nh̃n(𝜷̌ (⋅) − 𝜷̃ (⋅)). Thus we denote the empirical variance

(or standard deviation) of {𝜷̌b
⋅ : b = 1,… , B} as the estimator of population asymptotic variance (or standard deviation).

4 Numerical studies

4.1 Monte Carlo simulations
In this section, a series of simulation studies are conducted to evaluate the performance of our proposed smoothed semi-
supervised estimation, comparing it to the corresponding smoothed supervised estimation. In case 1, we generate the
covariates X1 from the discrete distribution P(X1 = 1) = P(X1 = −1) = 0.5 and X2 from U(−1, 1). The response variable
in the absence of censoring is generated by the accelerated failure time (AFT) model that T = exp{𝜼′0X + A𝜷′

0X + 𝜖},
with X = (1, X1,… , Xp), treatment A ∼ Bernoulli(0.5) and error term 𝜖 ∼ N(0, 1). We set 𝜼0 = (0, 0.25,−0.25) and
𝜷0 = (𝛽0, 𝛽1, 𝛽2) = (0, 1, 1) as the true parameters thus p = 2 here. Note that 𝛽0 is the coefficient of the intercept, but
what we are most interested in are the efficiency of (𝛽1, 𝛽2). The censoring time C follows an exponential distribution such
that the observations have the corresponding censoring rate (cr). The observed response Y = min{T , C} with censoring
indicator Δ = I(T ⩽ C). Thus, the true optimal treatment regime is given by dopt(X) = I(𝜷′

0X > 0). And we adopt the
normalization 𝜷std = (𝜷0∕‖𝜷0‖) for identification. We fix the sample size n=500 for labeled data and vary the sample size
of unlabeled data in N = 1000, 2500 or 5000 to show the impact of increasing N for fixed n under different censoring rate.
We thus generate the labeled random sample set  = {(Yi,Δi, Xi, Ai) : i = 1, 2,… , n} and unlabeled random sample set
 = {(Xi, Ai) : i = n + 1, n + 2,… , n + N}. The Gaussian kernel is employed with bandwidth h = 0.2n−1∕3. We conduct
1000 simulation runs and the numerical results are reported in the following tables.

Table 1 reports the bias (Bias) of the estimator, the standard deviation (SD) of the estimator, the mean squared error
(MSE) of the estimator, and the percentages of making correct decisions (PCDs) which is defined as

PCD = 1
1000

1000∑

i=1

P
(

d
𝜷̃

i
⋅
(X) = d𝜷0

(X)
)

× 100%

with P(d
𝜷̃

i
⋅
(X) = d𝜷0

(X)) = 1 − (1∕n)
∑n

j=1 |d𝜷̃ i
⋅
(Xj) − d𝜷0

(Xj)| and 𝜷̃
i
⋅ representing the supervised (Sup) estimator or the

proposed semi-supervised (SS) estimator for 𝜷 in the i-th simulation. The efficiency (EFF) of the SS estimator compared
with the Sup estimator is measured by the relative ratio of the reduction in the MSE that

EFF =
MSE of Sup estimator - MSE of SS estimator

MSE of Sup estimator
,

which is also reported in our simulation results.
The result for case 1 shows the obvious superiority of the semi-supervised approach over the supervised approach. It can

be seen that SS estimator has nearly the same bias but significantly smaller SD compared to Sup estimator. Therefore, the
MSE of SS estimator is smaller than that of Sup estimator and thus SS estimator has improved efficiency compared to Sup
estimator. The proper use of unlabeled data makes the parameter estimation much more accurate, which is also reflected
by the improvement of PCD. Furthermore, as shown in Table 1, there exists a direct correlation between the magnitude
of the unlabeled sample size and the reduction in standard deviation of SS estimation. Consequently, while maintaining a
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Table 1. The result for case 1 with different censoring rate.

cr 10% 20% 30% 40%

Est N 𝛽1 𝛽2 PCD 𝛽1 𝛽2 PCD 𝛽1 𝛽2 PCD 𝛽1 𝛽2 PCD

Sup Bias 0.044 −0.099 94.54% 0.022 −0.078 93.42% −0.015 −0.056 91.18% −0.029 −0.054 90.17%
SD 0.145 0.153 0.157 0.150 0.192 0.162 0.213 0.180
MSE 0.0230 0.0332 0.0251 0.0286 0.0371 0.0294 0.0462 0.0353

SS 1000 Bias 0.049 −0.095 95.27% 0.024 −0.070 94.19% −0.020 −0.036 91.82% −0.049 −0.012 90.24%
SD 0.125 0.130 0.134 0.125 0.158 0.126 0.171 0.125
MSE 0.0180 0.0259 0.0185 0.0205 0.0254 0.0172 0.0316 0.0158
EFF 21.5% 21.9% 26.3% 28.2% 31.6% 41.6% 31.5% 55.3%

2500 Bias 0.042 −0.084 95.16% 0.025 −0.076 94.17% −0.024 −0.029 91.87% −0.049 −0.008 90.47%
SD 0.122 0.124 0.130 0.119 0.152 0.119 0.165 0.119
MSE 0.0166 0.0224 0.0173 0.0179 0.0237 0.0150 0.0296 0.0142
EFF 27.5% 32.5% 31.3% 37.4% 36.2% 48.9% 35.9% 59.7%

5000 Bias 0.039 −0.079 95.23% 0.016 −0.055 94.19% −0.026 −0.024 91.88% −0.049 −0.005 90.65%
SD 0.119 0.120 0.124 0.115 0.149 0.116 0.160 0.115
MSE 0.0157 0.0206 0.0156 0.0163 0.0229 0.0140 0.0280 0.0133
EFF 31.7% 37.8% 37.8% 43.2% 38.3% 52.2% 39.4% 62.5%

fixed labeled sample size and the same censoring rate, this reduction results in a corresponding improvement in efficiency.
Furthermore, the accuracy of the optimal ITR derived from SS estimation consistently exceeds the PCD of the optimal ITR
derived from labeled data only. In addition, the increase of the censoring rate is accompanied by the decrease in the PCD
of the optimal ITR. Nonetheless, it is worth noting that the SS estimation still has a significant advantage over the Sup
estimation even when the censoring rate increases. It has an efficiency improvement of greater than 20% and maintains a
higher PCD compared to Sup estimation. From the above discussion, it can be seen that although the supervised approach
yields a good estimate of the optimal ITR, the semi-supervised approach can make this estimate more satisfactory by
utilizing auxiliary information, which is very important in practical applications. This further demonstrates the validity of
our approach.

In the following, we show that our results are insensitive to the model for treatment-free effects. The true survival times
without censoring are generated by T = exp{sin(𝜼′0X) + A𝜷′

0X + 𝜖} in case 2 and T = exp{(𝜼′0X)2 + A𝜷′
0X + 𝜖} in case

3, respectively. The covariates X, censoring time C and other parameters are set the same as that in case 1. The relevant
simulation results are presented in Tables C.3 and Table C.4 in Appendix C. It is worth noting that the findings in case 2
and case 3 are consistent with those in case 1.

Because our imputation-based conditional expectation model utilizes single index projection for dimension reduction,
we can consider higher-dimensional covariates when estimating optimal ITR, which is not feasible in Zhou et al.48’s
study. To investigate whether the semi-supervised method remains more efficient as the covariate dimension increases,
we next consider case 4 and case 5 with p = 4 and p = 6, respectively, with n = 500, N = 2000, and cr=10% fixed for
both cases. The covariate X1 follows the Bernoulli distribution with probability 0.5, and X2,… , Xp independently follow
U(−1, 1). The true parameters in the AFT model built in case 1 for generating T are set as 𝜼0 = (0, 0.25,−0.25, 0.25, 0.25)
and 𝜷0 = (0, 1, 0, 1,−1) in case 4 and 𝜼0 = (0, 0.25,−0.25, 0.25, 0.25, 0.25, 0.25), 𝜷0 = (0, 0, 1, 1, 1,−1, 1) in case 5.
Table 2 and C.5 present the corresponding simulation results of case 4 and case 5 respectively, including the Bias, SD,
MSE, and EFF for the estimators of 𝛽1,… , 𝛽p, together with the corresponding PCD. The standard error (SE) estimated
by (1∕1000)

∑1000
i=1 SEi with every SEi calculated based on 200 bootstrap samples as discussed in Section 3.2 and corre-

sponding 95% empirical coverage probabilities (CP) for case 4 are also reported in Table 2. The SEs are close to SDs and
observed empirical coverage probabilities are close to the nominal levels.

Comparing the simulation results in Table 1 with those in Table 2 and Table C.5, it is found that when the sample size
and censoring rate are fixed, the computational complexity of parameter estimation increases significantly with the increase
of the covariates dimension p. Additionally, the sample points become sparse in the high-dimensional space, which leads
to a decrease in the accuracy of parameter estimation, and the efficiency of semi-supervised estimator also decreases.
However, by utilizing the auxiliary information in unlabeled data, semi-supervised learning methods can mitigate the
sparsity problem in multi-dimensional data to some extent. Therefore, despite the challenges, semi-supervised method
remains superior to traditional supervised method, with the PCD being improved. In addition, to benchmark the proposed
semi-supervised estimator against existing doubly robust methods for censored data,9 we conducted further simulation
experiments, and the corresponding results are presented in Appendix C.
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Table 2. The results for case 4.

Estimator 𝛽1 𝛽2 𝛽3 𝛽4 PCD

Sup Bias −0.031 −0.004 −0.038 0.055 87.89%
SD 0.161 0.195 0.160 0.164
SE 0.157 0.188 0.158 0.156
MSE 0.0269 0.0380 0.0270 0.0299
CP 93.3% 93.4% 94.0% 93.3%

SS Bias −0.023 0.002 −0.033 0.035 88.88%
SD 0.132 0.167 0.137 0.135
SE 0.134 0.163 0.135 0.131
MSE 0.0180 0.0279 0.0199 0.0195
CP 95.3% 93.7% 92.2% 93.8%
EFF 33.2% 26.7% 26.6% 35.0%

.

Figure 1. Plot of the Kaplan–Meier estimator of survival functions of relapse free survival time in months for patients who received
radio therapy (RT) or not, respectively.

4.2 METABRIC data example
To illustrate our kernel-smoothed semi-supervised method for optimal ITR estimating, we analyze the Molecular Tax-
onomy of Breast Cancer International Consortium (METABRIC) dataset69–71 which is available at cbioportal website.
This dataset contains clinical records of primary breast tumors from 2509 patients with long-term follow-up, including
the patient’s age at diagnosis, cellularity, estrogen receptor (ER) status, progesterone receptor (PR) status, human epi-
dermal growth factor receptor 2 (HER2) status, neoplasm histologic grade, tumor size, Nottingham prognostic index,
non-synonymous tumor mutational burden (TMB), chemotherapy, hormone therapy, type of breast surgery, radio therapy,
overall and relapse free survival time (in months) with corresponding status, etc. In order to study the effect of radio ther-
apy ( A = 1, Yes; A = 0, No) on relapse free survival time Y in breast cancer patients, we considered the 542 patients who
did not receive chemotherapy and hormone therapy, but only radio therapy, as our labeled data. Radio therapy is known
to improve the relapse free survival time of patients.72–76 And intuitively, Figure 1 shows the estimated Kaplan-Meier
survival curves of relapse free survival time in months for the groups of labeled patients who received and did not receive
radio therapy, respectively.

However, we can not take a ‘‘one-size-fits-all’’ treatment regime for all patients because treatment decisions also
depend on costs, side effects and other factors that affect an individual’s quality of life.77 Therefore we need to suggest
appropriate treatment decisions for patients based on their individual characteristics.

www.cbioportal.org.
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Table 3. Estimated parameters indexing the optimal ITR for METABRIC.

Method Sup SS

Predictors Est SE p-value Est SE p-value

intercept −0.121 0.093 0.193 −0.110 0.063 0.079
age −0.003 0.123 0.981 0.087 0.073 0.235
size −0.096 0.100 0.341 −0.104 0.050 ∖textcolor {blue}{0.038}
TMB 0.082 0.157 0.603 0.312 0.134 ∖textcolor {blue}{0.020}
grade1 0.201 0.143 0.158 0.045 0.126 0.723
grade2 0.173 0.129 0.180 0.065 0.120 0.586
surgery −0.948 0.074 ∖textcolor {blue}{0.000} −0.931 0.067 ∖textcolor {blue}{0.000}

Numerical simulation results in Section 4.1 show that the increase in the dimension of covariates will lead to a decrease
in the PCD of the optimal ITR, so the rational selection of covariates is very important. According to the conclusion of
medical studies78,79 that receptors mainly respond to hormone therapy and HER2 targeted therapy, ER, PR and HER2
status are not included in the covariate set for studying the impact of radio therapy prognosis. Inspired by the extensive
research in the medical literature on the effects of radio therapy on breast cancer patients,80–82 we select the following
covariates X for our analysis: age at diagnosis, with a mean of 60 years old and a SD of 13 years old; tumor size, with a
mean of 26 mm and an SD of 15 mm; TMB (non-synonymous), with a mean of 7 and an SD of 5; neoplasm histologic
grade, coded as 1, 2, and 3, with 214 patients at grade 1, 976 patients at grade 2, and 1198 patients at grade 3; and the
type of breast surgery, coded as -1 for breast-conserving surgery and 1 for mastectomy, with 785 patients undergoing
breast-conserving surgery and 1170 patients undergoing mastectomy. For simplicity, the bolded parts of the covariates
will be used to represent the corresponding covariates following. There were 542 patients who received only radio therapy
as described above, and by removing individuals whose covariates were not fully observed and controlling for a balanced
number of patients in the treatment and control groups, the final labeled dataset contains n = 446 observations with
censoring rate about 40%. And the clinical information of N = 1413 patients whose covariates were fully observed in
the remaining dataset was considered as the unlabeled dataset. To assess whether the MCAR assumption is tenable in
the METABRIC data, we adopt the test approach proposed by Jamshidian and Jalal,83 and implement it using the R
package developed by Jamshidian et al.84 Applying this nonparametric test to the METABRIC dataset yielded a p-value
of 0.13. Thus, at the 0.05 significance level, there is not sufficient evidence to reject the null hypothesis that the outcome
missingness mechanism satisfies MCAR. Before estimating procedure, we standardize the three continuous covariates
‘‘age,” ‘‘size,’’ and ‘‘TMB’’ by subtracting the mean and dividing by the standard deviation and use dummy variable
encoding to represent the three-category variable ‘grade’ as two binary variables that grade1 (1, grade = 1; -1, grade ≠ 1)
and grade2 (1, grade = 2; -1, grade ≠ 2). Table 3 reports the estimator (Est) of 𝜷 which indexing the optimal ITR, the
corresponding standard error (SE) estimated based on 200 bootstrap samples as discussed in Section 3.2, and p-value
which is calculated by 2 − 2Φ(|Est|∕SE). Significant p-value is marked blue.

Table 3 shows that both the supervised and semi-supervised methods identify the covariate surgery as significant at
the 0.05 level, suggesting that breast cancer patients who undergo breast-conserving surgery should receive radio ther-
apy. This result is in line with existing medical studies. For example, Sedlmayer et al.85 showed that radio therapy after
breast-conserving surgery improved survival for most patients,86 showed that elderly patients who received radiation ther-
apy after breast-conserving surgery had a lower risk of locoregional recurrence and87 mentioned that radiotherapy after
breast-conserving surgery for early breast cancer has become an indispensable part of breast cancer treatment, which can
significantly reduce breast tumor recurrence and improve survival rate. Additionally, the semi-supervised method identi-
fies tow extra significant covariates ‘size’ and ‘TMB’. Thomas et al.88 demonstrated that tumor size is a significant factor
in predicting the recurrence risk in breast cancer patients after receiving radio therapy, with larger tumors indicating a
higher risk of recurrence. In contrast, tumor grade is less critical than tumor size which does not show statistical sig-
nificance in our analysis for this METABRIC dataset. ‘TMB’, which is often considered as an important biomarker in
immunotherapy,89 has an unclear relationship with radio therapy, despite existing research suggesting that local radio ther-
apy can enhance anti-tumor immune responses.90 Thus, our semi-supervised method offers a potentially viable direction
for future research.

The semi-supervised method is more efficient than the supervised method, as also evidenced by the smaller estimation
variance and a higher value function. The optimal individualized treatment recommendations derived from supervised and
semi-supervised methods are presented in Table 4.

Under the optimal ITR obtained by the supervised method, the average recurrence-free survival time for breast cancer
patients is 122.95 months. In contrast, the optimal ITR obtained by our semi-supervised method increases this average to
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Table 4. Treatment recommendation for METABRIC study.

ITR sup SS

RT=Yes 752 762
RT=No 1107 1097

123.75 months. Figures C.1 and C.2 in the Appendix C show density plot comparisons of the five covariates grouped by
whether or not radio therapy was recommended by the supervised and semisupervised methods, respectively. As can be
seen in these plots, the covariate of breast-conserving surgery or mastectomy is significantly heterogeneous in both groups,
resulting in the covariate ‘surgery’ playing a dominant role in determining our optimal ITR. The Sup and SS estimators
generally recommend similar treatments for most patients. Only ten patients who are recommended not to receive radio
therapy under the supervised method are re-recommended to receive radiotherapy under the semi-supervised method. For
instance, among these ten patients, four are classified as grade 3. Although the four patients are all over 45 years old, their
tumor sizes are not less than 20 mm. According to the DEGRO Practical Guidelines for Radiotherapy of Breast Cancer
IV,91 patients with at least two risk factors (grade 3 and larger tumor size here) are strongly recommended to undergo
radio therapy after mastectomy to reduce the long-term risk of recurrence. All these findings support that the proposed
semi-supervised method is more efficient than the traditional supervised method in this real data application, which is
attributed to the effective use of auxiliary unlabeled data.

5 Discussions
To conclude, we propose a novel semi-supervised learning method for estimating optimal ITR in right-censored sur-
vival data framework. Our research demonstrates that while both the semi-supervised (SS) estimator and the traditional
IPW-based supervised estimator are unbiased, the SS estimator may have relatively smaller variance. Consequently, the
proposed SS method significantly improves efficiency in the sense of MSE. We establish that the estimated parameters
indexing the optimal ITR follow an asymptotic normal distribution. Extensive simulation studies in Section 4 indicate that,
with a fixed number of labeled samples n, an increase in censoring rate or covariate dimension p could lead to a reduction
in decision accuracy measured by PCD. Our proposed SS estimator consistently outperforms the supervised estimator.
This advantage becomes more pronounced as the number of unlabeled samples N increases, aligning with the theoreti-
cal results discussed in Section 3. Furthermore, the kernel smoothing technique we applied to the indicator function in
decision class  addresses the issue of sharp-edge, and improves the convergence rate of the parameters we interested in
from n−1∕3 to arbitrarily close to n−2∕5. This kernel surrogate allows us to utilize the computationally efficient proximal
gradient descent algorithm for our optimization problem. Additionally, the single-index projection dimension reduction
method used in leveraging unlabeled data effectively mitigates the curse of dimension in nonparametric estimation, which
is another feature of our proposed SS method.

Our methodology is developed under the assumption that the unlabeled outcomes are MCAR, which is standard in
the semi-supervised learning literature54,55,92,93 and often adopted when labeling is primarily determined by study design.
Nevertheless, in clinical applications, outcome availability may depend on observed covariates due to time or cost con-
straints, making the MCAR assumption potentially restrictive. To address this concern, our framework can be naturally
extended to the more general missing at random (MAR) setting.94 Let S ∈ {0, 1} denote the source indicator, with S = 1
for labeled observations and S = 0 for unlabeled observations, and define 𝜋S(X) = P(S = 1 ∣ X). Under MAR, the
semi-supervised value function can be modified as

V̌SS(𝜷) = Pn+N

[

𝜇̂(𝜷′X)d𝜷 +
S

𝜋S(X)

{
(2A − 1)ΔY

ŜC(Y ∣ X, A)
− 𝜇̂(𝜷′X)

}

d𝜷

]

.

When the missingness mechanism is MCAR, 𝜋S(X) reduces to the constant n∕(n+N), and the above expression coincides
with the formulation used in this paper. This shows that our method can be viewed as a special case of a broader MAR
framework, although a full theoretical investigation of this extension is beyond the scope of the current paper and will be
pursued in future work.

Several extensions are also worth further investigation. First, our proposed method can be extended to estimate optimal
ITRs under quantile criteria. While some existing studies have considered quantile-based criteria,48,95 none has explored
such objectives under a semi-supervised survival data structure. Second, extending the current framework to multi-stage
treatment problems for learning optimal dynamic treatment regimes (DTRs)21,96 under the semi-supervised setting is
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another promising direction. Finally, when treatments are multi-class or continuous rather than binary,97,98 semi-supervised
learning of optimal ITRs presents an intriguing avenue for future research.
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